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1 Introduction
To understand where the familiar expression
1 1 1
= = = 4 1.1
T, T + 2T (1.1)

comes from, and to see if it is correct, we go here through the derivation of the Redfield equation, first in

general, then for a magnetic system (NMR relaxation) and finally for an electronic transition.

2 The derivation

Starting point, as ever, is the Liouville equation for the density operator p(t), which we write in the following
form:
Ip(t)

5 = —2mi [H, p(t)] (2.1)

where we used units such that h = 1, ¢ = 1. The Hamiltonian consists of two terms, the unperturbed part
Ho, with eigenvalues €, and corresponding eigenfunctions |n), and a random perturbation H,, which couples

system operators Ay to external fluctuating fields Ej(¢):
M, =Y AEx(t) (2.2)
k

The fluctuating field properties are independent of the system, and the idea is to express everything in
correlation functions of these fluctuating fields. We will work out some examples in later sections.

The first step is to go to the interaction picture:

pr (t) — EQWiHotp(t)e*Qﬂ'iHot (23)
so that we can write o
t .
PE) o (M (1), (1) (2.4

This is a rather essential step, since we will assume that p; varies slowly in time. If there was no perturbation,
we would not have any variation at all, so the perturbation is assumed to make slow changes in p;(t). The
time dependence in H,. ;(¢) now comes from two sources: the fluctuating field and the operators Ay ; which

have now acquired a time dependence as well.



We now solve eq. (2.4) by iteration to second order: the formal (integral) solution is

p1(t) = pr(0) — 2mi /Ot dr [H, 1 (1), p1(7)] (2.5)
which can be used as the starting point of a series expansion:
pr(0) = p10) =25 [ a7 (51,00 =10 [ ar [ (s o), s pn O 4 20
Next we take the time derivative of this equation to get:
d%p = —2mi [Hy1(t), p1(0)] — 4x* /Ot dr [Hr1(t), [Hr (1), pr(0)]] +--- (2.7)

Then we take an ensemble average over the fluctuations in the external fields, and assume that (Ey(t)) =0,
and that the fluctuations are uncorrelated with p;(0). This makes the first term vanish, and for the rest we

get:

dpét(t) — _47r2/0 dr ([Hy1(t), [Hy1(7), pr(0)]]) (2.8)

Since the fluctuating fields are independent of the operators, we can separate the two parts:

) _ ) / A (Ba(t) B (1)) [4n (8), [An (). p1(0)] (29)

where the time-dependence in the operators A,, indicates that they have to be evaluated in the interaction

picture. Now we assume that the ensemble we average over is stationary, so that

P10 > / 47 (EBu(t = 7)) [An(t), [Am(7), p1 (0)] (2.10)

subsequently hanging the integration variable to t — 7 then gives:

DY = [} () (40, (e =7 0] (211

The next step is to assume that the correlation functions (E,, E, (7)) are decaying rapidly, so that it has

vanished before p;(0) starts to change appriciably. We may then replace the integration limit by +oo to get

) _ 4’3 / A7 (Emn (1) [An(0) [Am(t = 7)1 (0)] (212)

We will in the next sections present a model for the correlation functions. For the moment we only need the
assumption that they decay in some characteristic time 7., so that for times longer than 7. we may replace
p1(0) by pr(t), and have again a differential equation for py(t), wheih is valid for times longer than 7.

It remains to work out the commutator terms in some set of basis functions, for which we use the eigenfunctions
of the Hamiltonian H,.

Thus we get

<o ——4w22/ dr (BnBn(r)) (o] [An(8), A (¢ = 7), 1] o) (213

where we for the moment left out the ¢t argument of the density operator.



The commutator expressiomn has four terms whcih we consider separately:

(o] An(t)Am(t = T)pr o) = > (al An(t)18) (B Am(t — 7) 18"} (8| p1) ) (2.14)
B,8"
We will denote the eigenvalues of Hy by the same greek symbols that occur in the ket. Using (2.3) it is easy
to see that (2.14) is equal to

3 el Dt2miB=) =) (A, ) o (Am) o (P1) o (2.15)
8,8’

Several variable changes and the introduction of a dummy summation lead to the following result:

(@ An(O)Am(t = T)pr|a’) =D [Sarg Y OO AL ) 5(A)ar | (p1)spr (2.16)
8,8 ol

The other terms are treated similarly. The second term gives:
_ <O[‘ An(t)p[A (t - T |Ol Z 627r1 o' -8 27rl(oc*ﬁ+ﬁ’,a’)t(Am)ﬁ/o/ (An)aﬁ(pf)ﬁﬁ’ (217)
8,8’
The third term is equal to:
— (@] A (t = T)prAn(t) o) = = Y TP 2B (A 5(An)prar (p1) g (2.18)
8,8’

and the finmal term gives:

<Oé‘ pIAm(t _ T)An(t) |O/> _ Z |f§a5 ZeQﬂi(’Y_B,)T(aQﬂi(ﬁ/_a)t(Am)ﬁ/'y(An)va’ (PI)ﬁﬁ' (219)
8,8’ Y

Going back to the original representation (Heissenberg picture) we note that all exponentials with ¢ cancel,

and we are left with

8paa/(t) : mi(B—~)T
T :—271’7,(6%—0/)[)0@ 4W27;TIHZ@[ /g/Z/ dr E E )>€2 (B=) ((Am)fyﬁ(An)oz’y

o0

- / 07 (B (1) 74 07 (A1) 1o (A — / 07 (B (7)) 7007 (A1) 5(An) gra
0 0

+ %2/0 A7 (B Bn (7)) ™00 () 1 (An)yar | P (1) (2.20)
-

This is the Redfield equation in its most general form. We now make the following simplifying assumption,

that holds for isotropic systems with simpe exponentially decaying correlation functions:
(B Bn (7)) = 6pm (E?) e/ = 8, (B?) €721 (2.21)

that is: all field components decay in the same way, and have the same equilibrium average.
In that case the integrals become particularly simple:
(E?) 1

/0 dr (B En (1)) €277 = 5nmm = Onmy—J (W) (2.22)



Introducing this into eq. (2.30) then yields:

apaa’ (t)

5 =27mi(a — ) paar () — 2 Z O gr Z J(B =) Ays - Aay

8.8’ Y

= (@ =B)+J(B =) Agar - Aap +0ap Y (v = B) gy Avar | papr (1) (2:23)
¥
where the dot denotes an inner product, for instance:

Aprar - Ao = Z(An)ﬁ,a,(A”)aﬁ (2.24)

n

3 Spin relaxation in a fluctuating magnetic field

As our first example we treat spin relaxation in fluctuating magnetic fields. For a spin 1/2 in a magnetic field

in the z—direction we can write the unperturbed Hamiltonian as:

Ho = —€l, (3.1)
The fluctuating perturbations we will write as

H,=—-H T (3.2)

where H is proportional to the fluctuating magnetic field (gyromagnetic ratio and so on is absorbed in this
field. Thus E? in expression (2.22) should be replaced by H? and the A-operators are now spin operators.
Let us denote the ground state as |0) and the excited state as [1) with respective energies of —%e and Le.
We only have to calculate two elements of p since pgo + p11 = 1, the trace is one and should be conserved (this
can easily be checked, in general we need ) paa = 1, and it is straightforward to show that % > Paa =0).

For the other two elements we have the relation pg; = pj,. For the poo element we have:

0
ggo — —271'2 |f505/ ZJ(,@—’Y)A,YﬁAO,Y—[J(—ﬂl)_’_J(ﬁ)}AIB,OAOB_’_&Oﬁ Z J(V—ﬁl)Aﬁw'Ayo P (33)
8,8’ ¥ v
The three spin matrices are
1(0 1 1[0 —i 1(1 0
It is straightforward to show that
= = 1 1
(s - oy = 5560571 + 1530(%0 (3.5)
and that . .
(Do (Dos = 39510511 + 7860950 (3.6)
and finally that . )
(Dpry - (Do = 55510571 + 79510050 (3.7)
Introducing this into the above expression (3.3) gives:
0
% = 77T[J(6) =+ J(*E)} Z [55050@/ — 65155/1] PBa’ (38)

8,8



so that

apgii(t) = —m[J(e) + J(=€)l[poo(t) — pr1(t)] (39

Introduction of the expression for J, eq. (2.22) then gives after a lengthy calculation:

Opoo(t) _ _27TC <H2>
o 242

[poo(t) — p11(1)] (3.10)

We also note that
9poo(t) _ Opoo(t) +p1a(t) —pua(t) _  Ipni(t) (3.11)
ot ot ot '

so that

Aeoo® Z o _ T o) — puo) (312)

Since the z—magnetization is defined as M, = Tr[I, p|, we have the following equation for the z—magnetization:

OM.(t) Am¢ (H?) 27
20 - =-Zoro (3.13)

Next we study the equation for the coherences. From eq. (2.23) we get:

8p t .
glt( ) = 2miepoi(t) — 27 Z 91 Z J(B =) Aqs - Aoy

3.8 ¥

— WGe=8)+ I+ 5N Agn - Aos + 530 3 T~ B)Agry - A | pap(t)  (3.14)
vy

The first operator term was already calculated in eq. (3.5). For the second we get:

(I)g1-T)og = —155'1550 (3.15)
and the third term gives: . .
(D - (D1 = 581850 + 7051051 (3.16)
Introducing this into eq. (3.14) gives:
dpo1 (t )
pOTlt() = 2miepor(t) — 27> S5n1s0 [ J(—€) + J(0) psr (8) (3.17)
8,8’
so that: Do (1)
t .
P = 2miepor (1) — 2wl (=€) + J(0)]por (1) (3.18)
Taking the complex conjugate of this equation gives us the equation for p:
Op1o(t )
pla—ot() = —2miepyo(t) — 21T (€) + J(0)]pro(t) (3.19)

where we also used that J*(e) = J(—¢). Now we can calculate the magnetization in the x— and y—direction:

1
M,(t) = Tr[Lsp(t)] = 5(P01 + p10) (3.20)
Using eqgs. (3.18) and (3.19) we get for this quantity:

OM, (1)
ot

=27 (e + Im[J (¢€)]) M, (t) — 27 (J(0) + Re[J (¢€)]) M (t) (3.21)



where M, (t) = %(pm —p10). We note that the imaginary part of the spectral density causes a frequency shift,

which is usually neglected in NMR. The relaxation time T is now given by:

1 C(H?)  (H*») 1 (H?) _ 1 1
For M, (t) we can derive a similar equation:
M) _ o, (e + Tm[J(e)]) Ma(t) — 270, (1) (3.23)
ot Ty

Finally we note that the Redfield equation is also applicable to the difference between the density operator
and the equilibrium density operator. That is, eq. (2.23) supposedly holds also for pgs — peﬁ(};,.

Reverting to Liouville space notation, we can write eq. (2.23) in the following form:

L’gf)» = —2miLo | p(t))) — 2miLa | p(t))) (3.24)

where |p(t))) now denotes the difference between |p(t))) and |p®?)) and the operators Lo and L4 are given
by:

00 00 —5= 0 0 5
0 — 0 0 0 -+ 0 0
E() = ¢ and ['d = T . (325)
0 0 ¢ 0 0 0 -4 0
. 2 .
0 0 00 ey 0 —5=

If we want to compare this to the equations used in nlo.tex, we can identify 1/27; with T', and 1/T» with
~. Then there are still small differences due to the fact that here we look at the difference density operator.
More importantly are the 00 and 30 elements of £; which are nonzero here.

We will see how this holds up for electronic transitions.

4 Electronic transitions

Since eq. (2.23) is general, it can also be used for electronic transitions. Now we usually take the unperturbed

Hamiltonian as Ho = €|1) (1|, and the interaction with external fluctuating fields can be written as
H, = —fi- E(t) (4.1)

The difference with the NMR case is that the dipole transitions can be different for the various field compo-
nents. That is, the coupling is between transition dipole moment and external field, and/or between ground
and excited state dipole moments and the fields. We consider both cases separately.

If we only have a transition dipole moment, we can write (4.1) as:

L o= L o= 0 1
Hy = —ji- Er(t) [[0) (1] + [1) (O] = =i - Ex(2) ( Lo > (4.2)
where the matrix representation shows that this is closely related to just the I, operator for NMR.
Again we consider population and coherence terms separately. For the population we again get (3.3), although
we now immediately assume that the equation holds for the difference between time—-dependent density oper-

ator and equilibrium density operator. The expressions for the operator products are simpler:



Ayg- Aoy = 041050

Ag/o ~A05 = 5[3/1551
Agy Ay = 0641080 (4.3)
Introducing this into eq. (3.3) gives:
Opoo(t
O200lt) _ ol e) + I(~)llponlt) — o () (1.4
where now, under assumptions of isotropic systems and exponential decay, we get for J:
1
J(w) = (E? 4.5
(@) = (F*) 7= (45)

where, as before, we absorbed the magnitude of the transition moment in the field, so that we can again define

dpoo(t) m

ot *ﬁ[ﬂoo(t) — p11(t)] (4.6)
where now i <E2>
1
= are (4.7)

The difference of the factor of 2 here is a consequence of the difference between the coupling operators
in the NMR and the electronic case, we defined 77 in this way so that the population difference operator

(corresponding to M) decays as:

Ipoo(t) — p11(t)] 2m

o = =7 lpoolt) = pa (1) (4.8)

which is now the same as eq. (3.13).

For the coherence equation, eq. (3.14) we need in addition

Aﬂ/l . AOB - 5ﬂ/0551
Apy - Ay = 070081 (4.9)
Opo1(t .
PUE) _ amiepon(t) — Arl (~hpor (1) — T(E)pao(t) (410)
Neglecting again the imaginary parts of the spectral density, which only contribute to a shift in energy, we
get
Opon1 (¢ _ . m
P — o (1) — 47 () pon (1) = profe)] = 2miepon ()~ - lpon () = profe)] (411
The other matrix element evolves as:
dp1o(t . T
100) _ o riepuolt) — 2= [pro(t) — pon (1) (4.12)
ot Ty

Before looking at other relaxation mechanisms, and the damping Liouvillian, we’ll solve the resulting set of

equations, and compare to the NMR case. To compare we use the same operators as above (although they



now have different physical interpretations). We already derived the M, equation above: eq. (4.8). For the

coherence sum we get:
I[po1(t) + p1o(t)]

ot = 2mie[po1(t) — pro(t)] (4.13)
and for the coherence difference:
8[001(25)8; p1o(t)] = 2rie[po1 () + pro(t)] — ;_T[pm(t) — po1(t)] (4.14)

Differentiation of this last equation, and subsequent substitution of (4.13) gives:

P[poi(t) — p1o(t)] | 27 Alpoi(t) — p1o(t)]

ot? Ty ot + (2776)2[/)01(t) —p1o(t)] =0 (4.15)

If e >> 1/2Ty, which is usually the case for electronic transitions the eigenvalues of this equation can be

approximated by

. 1

so that the decay rate is again 1/27T7, as in the NMR case.

We note that the difference of a factor 2 in the relaxation rate is caused by the term (2me)?. If that term were
zero, as it is for the population related terms, we would find one eigenvalue zero (which for the populations
is related to conservation of the trace), and one term decaying as 1/77.

Next we consider energy fluctuations due to coupling with ground— and/or excited state dipole moments.

We can write the random Hamiltonian as:
My = —jiy - B ()[0) (0] — fie - Ev(t) 1) (1] (4.17)
where i, is the ground, and fi. the excited state dipole moment. We can write this also as:
My = —(jie = fig) - E-(t) 1) (1] (4.18)

where we used that |0) (0] + |1) (1] is the unit operator, which commutes with everything and hence cannot
cause any relaxation.

Thus our A operator is now equal to |1) (1], and we can calculate the various terms again. First the populations:

Jpoo

ot =27 Z 505/ Z J(ﬁ—’y)A75~A07— [J(—ﬁ/)-FJ(ﬁ)]ABIQ'AOB—F(SO,Q Z J(’y—ﬁ/)Aﬁw-A,yo PBp (419)

8,8 ol ~

Since the only component of A is Ay; this gives:

9poo

5 =0 (4.20)

and we get no extra contribution to the population decay, as was to be expected

For the coherence we get:

8p(.091t(t) = 27Ti€p01(t) - 27TJ(O)p01(t) = 27Ti6p01 (t) — % p01(t) (421)
2

We therefore find essentially the same results as in the NMR case, albeit with different interpretations, and

for different reasons. The dipole moment to be used in T3 is different also from the one to be used in T7: in



the latter the transition dipole moment [ enters, in the former the difference between ground— and excited
state dipole moment Ap = fi. — fig..

The damping Liouvillian thus becomes:

i i
2T, 0 0 2T,
0 SN i 0
2T T 2T
Lg= v 2 (4.22)
0 i _ i1
2T 2Ty T
i i
o1y 0 0 —3T7

Although the energy shift is slightly different, but negligible anyway, we get for the relaxation time again

11 1
— =+ — 423
T, 2Ty T} (423)

Curious, but true.
As a final note, we have shown that the damping Liouvillian we have found here is quite different from the one
we used in the simulations, so some adaptations are necessary there. In terms of the parameters v (coherence

damping) and I' (population damping) introduced there, we can write the Liouville operator as:

—i’ 0 0 i
0 —e—1 I 0
- G (4.24)
0 i e—iy 0
il 0 0 —i
so that: 5
= Lp() = —2miL | (1) (4.25)

We’ll have to start the simulations now with this new and improved damping matrix. Some care is needed,
since the damping is supposed to work on the difference density operator, whereas the field acts on the density
operator itself. Thus without external fields we can write eq. (4.25) where in fact |p)) = |p)) — | p°?)), which
is valid since [Hg, p°4] = 0. However, this is not true for the external interaction term: [Hext, p%4] # 0, since
otherwise the interaction would never be able to get the system out of its equilibrium state. The simplest
way to fix this is to add 27iL4p°? to the equation.

NB: in NMR there are cases when the frequency dependence of the spectral density can be measured, for
instance in liquid crystals, due to slow components of the director fluctuations. Is that also possible for

electronic transitions?
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